Projective Invariance and One-Loop Effective Action in Affine-Metric
  Gravity Interacting with Scalar Field by Kalmykov, M. Yu. et al.
ar
X
iv
:h
ep
-th
/9
40
80
32
v1
  5
 A
ug
 1
99
4 PROJECTIVE INVARIANCE AND ONE-LOOP
EFFECTIVE ACTION IN AFFINE-METRIC GRAVITY
INTERACTING WITH SCALAR FIELD
M. Yu. Kalmykov 1, P. I. Pronin2 and K. V. Stepanyantz
Department of Theoretical Physics, Physics Faculty
Moscow State University, 117234, Moscow, Russian Federation
Abstract
We investigate the influence of the projective invariance on the renormaliza-
tion properties of the theory. One-loop counterterms are calculated in the most
general case of interaction of gravity with scalar field.
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1 Introduction
The construction of quantum theory of gravity is an unresolved problem of modern
theoretical physics. It is well know that the Einstein theory of gravity is not renor-
malizable in an ordinary sense [1] – [3]. Therefore, one needs to modify the theory
or to show, that the difficulties presently encountered in the theory are only artifacts
of perturbation theory. The simplest method of modifying the Einstein theory is to
introduce terms quadratic in the curvature tensor in the action of the theory.
Lgr =
(
− 1
k 2
R + αR2µν + βR
2
)√−g (1)
This theory is renormalizable and asymptotically free but it is not unitary because
the ghosts and tachyons are present in the spectrum of the theory [4] – [6]. It should
be noted that it is impossible to restore the unitarity of the theory by means of loop
corrections or adding an interaction with matter fields [7] , [8]. Hence, one needs to
use a new method in order to construct the theory of gravity.
Among various methods of constructing the quantum theory of gravity one should
emphasize the gauge approach as the most promising [9] – [12]. In gauge treatment of
gravity there are two sets of dynamical variables, namely, the vierbein haµ(x) and local
Lorentz connection ωabµ(x) or metric gµν(x) and affine connection Γ
σ
µν(x). The theory
based on the first set of variables is called the Poincare` gauge gravitational theory with
the structure group P10 [13], [14]. A curvature tensor R
a
bµν(ω) and a torsion tensor
Qaµν(h, ω), which are the strength tensors of the Poincare` gauge gravitational theory,
are defined by the following relations:
Rabµν(ω) = ∂µω
a
bν − ∂νωabµ + ωacµωcbν − ωacνωcbµ (2)
Qaµν(h, ω) = −
1
2
(
∂µh
a
ν − ∂νhaµ + ωacνhcµ − ωacµhcν
)
(3)
The theory based on the second set of variables is called the affine gauge gravi-
tational theory with the structure gauge group GA(4, R) [15] – [17]. The strength
tensor of the theory is the curvature tensor R˜σλµν(Γ) defined as:
R˜σλµν(Γ) = ∂µΓ
σ
λν − ∂νΓσλµ + ΓσαµΓαλν − ΓσανΓαλµ (4)
The Lagrangian of a gauge theory is built out of terms quadratic in the strength tensor
of fields. In the Poincare` or affine gauge theories the Lagrangians are defined as :
LP10 =
(
Ai
k 2
Q2(h, ω) +BjR
2(ω)
)√−g (5)
LGA(4,R) = CjR˜
2(Γ)
√−g (6)
(7)
where Ai, Bj , Cj are arbitrary constants and R
2, Q2 are now a symbolic notation for
the contractions of the curvature tensors or the torsion tensors respectively.
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At the present time there are a lot of papers concerning the classical problems of
these theories [18] – [23]. For example, it is possible to find some coefficients Ai and
Bj in the Poincare` gauge gravitational theory in order to obtain a unitary model [24]
– [26]. However, the renormalizability properties of the theories have been studied
insufficiently [27] – [29].
In the affine-metric theory of gravity there are models possessing an extra projective
symmetry. By the projective invariance we mean that the action is invariant under the
following transformation of fields:
xµ → ′xµ = xµ
gµν(x) → ′gµν(x) = gµν(x)
Φmat(x) → ′Φmat(x) = Φmat(x)
Γσµν(x) → ′Γσµν(x) = Γσµν(x) + δσµCν(x) (8)
where Cν(x) is an arbitrary vector.
The classical properties of models with the projective invariance have been discussed
in papers [30], [31]. However, the quantum properties of the projective invariance have
not been investigated. It should be noted, that the presence of an additional symmetry
in the theory may improve the renormalization properties of the theory. For example,
because of the presence of supersymmetry, the terms violating the renormalizability
of supergravity, show up only in higher loops. So, the projective invariance may have
the considerable role for the renormalizability of the theory. In order to investigate
the influence of the projective invariance on renormalizability of the theory one needs
to calculate the counterterms in some model possessing the projective invariance. The
simplest model of this type is the model with the Lagrangian:
Lgr = − 1
k 2
R˜(Γ)
√−g (9)
But because of the degeneracy of the four-dimensional space-time [32], the terms
violating the renormalizability of the theory arise only at two-loop level. The two-loop
calculations are very cumbersome. Since we would like to restrict ourselves to the
one-loop calculations and to investigate the influence of the projective invariance on
the renormalizability of the models, we consider the interaction of the gravity with a
matter field.
Lgr =
((
ξϕ2 − 1
k 2
)
R˜(Γ) +
2
k 2
Λ +
1
2
∂µϕ∂νϕg
µν
)√−g (10)
where Λ is a cosmological constant.
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We consider Γσµν(x), φ(x), gµν(x) as independent dynamical fields. This model is
invariant under the projective transformation (8) and general coordinate transforma-
tion:
xµ → ′xµ = xµ + ξµ(x)
gµν(x) → ′gµν(x) = gµν(x)− ∂µξαgαν(x)− ∂νξαgαµ(x)− ξα∂αgµν(x)
ϕ(x) → ′ϕ(x) = ϕ(x)− ξα∂αϕ(x)
Γσµν(x) → ′Γσµν(x) = Γσµν(x)− ∂µξαΓσαν(x)− ∂νξαΓσµα(x)
+ ∂αξ
σΓαµν(x)− ξα∂αΓσµν(x)− ∂µνξσ (11)
The main aim of our paper is to research the influence of the projective invariance
on the renormalization properties of the theory. In particular, we consider the following
problems in the next section:
1. A necessity of introducing the term fixing the projective invariance at the quan-
tum level.
2. The presence of the ghosts connected with the projective invariance.
3. The addition of the ”projective” ghosts to the one-loop effective action
We use the following notations:
c = h¯ = 1; µ, ν = 0, 1, 2, 3; k 2 = 16piG
R˜µν(Γ) = R˜
σ
µσν(Γ), R˜(Γ) = R˜ µν(Γ)g
µν , (−g) = det(gµν)
The objects marked by the tilde˜are constructed by means of the affine connection
Γσµν . The others are the Riemannian objects.
2 One-loop counterterms
For calculating the one-loop effective action we use the background field method [33],
[34]. In accordance with this method all dynamical variables are rewritten as the sum of
the classical and quantum parts. In general case, the dynamical variables in the affine-
metric theory are Γσµν , g¯µν = gµν(−g)r, ϕ¯ = ϕ(−g)s, where r, s are arbitrary numbers
satisfying the only condition: r 6= −1
4
. The one-loop counterterms on the mass-shell
do not depend on the value of r and s. To simplify our calculation we use the following
values: r = s = 0.
The fields Γσµν , gµν , ϕ are now rewritten according to
Γσµν = Γ
σ
µν + kγ
σ
µν
gµν = gµν + khµν
ϕ =
1
k
ϕ + φ (12)
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where Γσµν , gµν , ϕ are the classical parts satisfying the following equations
δS
δΓσµν
= 0 ⇒ Dσµν = −
1
2
1
α(ϕ)
∂λα(ϕ)(g
λσgµν − δλµδσν ) + δσµCν
δS
δgµν
= 0 ⇒ −α(ϕ)R˜(µν)(Γ) = 1
2
∂µϕ∂νϕ+ Λgµν
δS
δϕ
= 0 ⇒ 2ξϕR˜(Γ)− gµν∇µ∇νϕ = 0 (13)
where
Dσµν = Γ
σ
µν − gσλ
1
2
(−∂λgµν + ∂µgνλ + ∂νgµλ)
α(ϕ) = ξϕ2 − 1
Cν is an arbitrary vector.
The action (10) expanded as a power series in the quantum fields (12) defines the ef-
fective action for calculating the loop counterterms. The one-loop effective Lagrangian
quadratic in the quantum fields is:
Leff =
(
α(ϕ)
1
2
γσµνF
µν αβ
σ λ γ
λ
αβ + α(ϕ)
1
2
hµνhσλD
µνσλ − 1
4
hαβhµνΛP
−1αβµν
+ ξφ2R +
1
2
gµν∇µφ∇νφ− 1
2
α(ϕ)hαβP
−1αβµν
(
B ǫτσλ µν∇σ +△ ǫτλ µν
)
γλǫτ
+ 2ξϕφ
((
B ǫτσλ ∇σ +△ ǫτλ
)
γλǫτ −
1
2
hαβP
−1αβµνRµν
)
+
1
2
∇µϕ∇νϕ
(
hµλhνλ −
1
2
hhµν − 1
8
hαβhσλg
µνP−1αβσλ
)
− 1
2
∇µϕ∇νφhαβP−1αβµν
)√−g (14)
where
P−1αβµν = gαµgβν + gανgβµ − gαβgµν
△ αβλ µν ≡ Dαµνδβλ +Dλδαµδβν −Dαµλσβν −Dβλνδαµ
B
αβσ
λ µν = δ
σ
λδ
α
µδ
β
ν − δβλδαµδσν
F βλ νσα µ = g
βλδναδ
σ
µ − gβσδναδλµ + gνσδλαδβµ − gλνδσαδβµ
△ ǫτλ = △ ǫτλ µνgµν
B ǫτσλ = B
αβσ
λ µνg
µν
Dαβµν = 2Rαµgβν −RP αβµν − Rαβgµν (15)
Now we may define the propagators of the quantum fields γσµν , hµν , φ. The propa-
gator of the quantum field γσµν satisfies two conditions:
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F−1σ λµν αβ = F
−1λ σ
αβ µν (16)
F−1σ λµν αβF
αβ τǫ
λ ρ = δ
σ
ρ δ
τ
µδ
ǫ
ν (17)
However, because of the projective invariance of the effective Lagrangian (14) the
propagator does not exist. Under transformation (8) the quantum part of the connec-
tion transforms as
γσµν(x)→′ γσµν(x) = γσµν(x) + δσµCν(x) (18)
In order to fix the projective invariance we use the following condition:
fλ =
(
B1gλσg
αβ +B2δ
α
σδ
β
λ +B3δ
β
σδ
α
λ
)
γσαβ ≡ f αβλσ γσαβ (19)
Lgf =
1
2
fµf
µ (20)
where Bj are the constants satisfying the only condition:
B1 +B3 + 4B2 6= 0 (21)
The action of the projective ghosts defined by the standard way has the following
structure:
Lgh = χ
µgµν(−g)αχν (22)
where
χµ, χν are the grassmann variables; α is a constant.
The one-loop contribution of the projective ghosts to the effective action is propor-
tional to the δ4(0). In the dimensional regularization [δ4(0)]R = 0 and the contribution
of the projective ghosts to the one-loop counterterms is equal to zero.
Now, we must change the equation (17). The propagator of the quantum field γσµν
satisfies equation (16) and new condition:
F−1σ λµν αβF
αβ τǫ
λ ρ = δ
σ
ρ δ
τ
µδ
ǫ
ν (23)
where
F
αβ µν
σ λ = F
αβ µν
σ λ + f
αβ
τσ f
τ µν
λ
= gµνδαλδ
β
σ(1 +B1B3) + g
αβδµσδ
ν
λ(1 +B1B3)− gναδµσδβλ − gµβδνσδαλ
+ B1B2g
αβδνσδ
µ
λ +B1B2g
µνδασ δ
β
λ +B
2
1 gσλgµνgαβ +B
2
3 g
αµδνλδ
β
σ +
+ B2B3g
µβδασδ
ν
λ +B2B3g
ανδβσδ
µ
λ +B
2
2 g
νβδασ δ
µ
λ (24)
Having solved equations (16),(23) we obtain the following result:
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F
−1α µ
βσ νλ = −
1
4
gαµgβσgνλ +
1
2
gαµgβνgσλ − 1
4
gνβδ
µ
λδ
α
σ
+
1
4
(
gνλδ
µ
βδ
α
σ + gβσδ
α
ν δ
µ
λ
)
− 1
2
(
gνσδ
α
λδ
µ
β + gβλδ
µ
σδ
α
ν
)
+
1
4
(
B1 − B3 + 2B2
B1 +B3 + 4B2
)(
gνλδ
µ
σδ
α
β + gβσδ
α
λδ
µ
ν
)
+
1
4
(
B3 − B1 + 2B2
B1 +B3 + 4B2
)(
gβλδ
µ
ν δ
α
σ + gβνδ
α
β δ
µ
λ
)
+
1
4
1
(B1 +B3 + 4B2)2
(4−B21 − B23 − 12B22 +
+ 10B1B3 − 4B1B2 − 4B2B3)gσλδµν δαβ (25)
To get the diagonal form of the effective Lagrangian we are to replace the dynamical
variables in the following way:
γσµν → γ˜σµν = γσµν +
1
2
F−1σ λµν αβ
(
B
αβτ
λ ρǫ∇τ −△ αβλ ρǫ
)
P−1ρǫκυhκυ
+
1
2
F−1σ λµν αβP
−1ρǫκυhκυB
αβη
λ ρǫ
1
α(ϕ)
∇ηα(ϕ)
+2ξφϕ
1
α(ϕ)
F−1σ λµν αβ△ αβλ −
2ξ
α(ϕ)
F−1σ λµν αβB
αβτ
λ ∇τ (φϕ) (26)
This replacement does not change the functional measure:
det
∂γ˜
∂γ
= 1 (27)
We don’t give the details of the cumbersome one-loop calculations that have been
performed by means of the special REDUCE package program created by K.V.Stepanyantz.
One should note, that we violate the invariance of the action (14) under the general
coordinate transformation by means of the following gauge [35]:
Fµ = ∇νh νµ −
1
2
∇µh− 2ξϕ
α(ϕ)
∇µφ (28)
Lgf =
1
2
FµF
µ (29)
The action of the coordinate ghost is
Lgh = c
µ
(
gµν∇2 +Rµν − 2ξϕ
α(ϕ)
(∇νϕ)∇µ − 2ξϕ
α(ϕ)
(∇µ∇νϕ)
)
cν (30)
The one-loop counterterms on the mass-shell including the contributions of the
quantum and ghost fields are
7
△Γ1
∞
= − 1
32pi2ε
∫
d4x
√−g
(
71
60
(
RαβµνR
αβµν − 4RµνRµν +R2
)
+
203
40
R2 +
Λ2
α2(ϕ)
(
463
5
+ 52ξ2
)
+ΛR
(
1
α(ϕ)
(
5ξ2 − 4
3
ξ +
463
10
)
+
ξ2ϕ2
α2(ϕ)
(
75ξ +
20
3
)
− 700
3
ξ4ϕ4
α3(ϕ)
))
(31)
3 Conclusion
In our paper we have investigated the influence of the projective invariance on the
renormalizability of the theory. It turns out that:
1. In order to define the propagator of the quantum fields γσµν one needs to fix the
projective invariance.
2. The gauge fixing term (19) has the algebraic structure, that is it does not contain
derivatives of the fields.
3. The action of the projective ghosts (22) has also the algebraic structure. The
one-loop contribution of the projective ghosts is proportional to the δ4(0) Hence
its contribution is equal to zero in the dimensional regularization.
4. The theory involved is not renormalizable. The term violating the renormaliz-
ability of the theory is equal to the R2. It is easy to show [1], that the expression∫
d4x
√−g
(
RαβµνR
αβµν−4RµνRµν+R2
)
is equal to the
∫
d4x∂µj
µ. Hence, we can
neglect the contribution of this term to the one-loop counterterms in space-time
without boundaries.
5. The renormalizability of the theory is not affected by the presence of the projec-
tive invariance.
We are greatly indebted to L.V.Avdeev (JINR,Dubna) and our colleagues ¿from
Department of Theoretical Physics (Moscow State University) for valuable discussions
and suggestions and for critical reading of the manuscript.
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